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Introduction
Vortex structures in the presence of uniform flow in exterior domains with multiple obstacles can be observed in flow phenomena arising in environmental flows and biofluids. For instance, it is important to predict the diffusion of contaminants advected by the flow in rivers and ocean flows, in which the flow domain contains many obstacles, such as waterbreaks, sandbanks and islands. Johnson the importance of the gaps in mid-ocean barriers to ocean circulations. They also studied the motion of a vortex near two cylindrical islands to understand how the topography of the flow domain affected the evolution of the vortex, and thus they suggested that it played a significant role in mass transportation in ocean flows [2] . In biofluids, it has been recognized numerically that interaction between the wings and the vortices shed from them gives an efficient flight of butterflies [3] and a slow vertical descend of plant seeds [4] .
As a mathematical model to deal with these problems, we consider incompressible and inviscid flows in multiply connected domains. We impose the slip boundary condition to the flow along the boundaries of the domain. The inviscid model remains valid for the slightly viscous flows unless the flow is highly turbulent, since point vortices can approximate the vortex structures shed from the boundaries owing to the formation of thin boundary layers. Moreover, the model has a theoretical advantage owing to its mathematical simplicity. That is to say, when we identify the two-dimensional space (x, y) ∈ R 2 with the complex plane z = x + iy ∈ C, the inviscid flow in the two-dimensional space is represented by an analytic function called the complex potential, say F(z), from which the two-dimensional velocity field (u, v) is recovered owing to the formula u − iv = F (z). The imaginary part of the complex potential ψ(z) = Im[F(z)], which is known as the stream function, also has a significant physical meaning, since a contour line of this function is identical to a streamline of the flow. In addition, the motion of a particle located at (x 0 (t), y 0 (t)) at time t is described by dx 0 /dt = ∂ψ/∂y and dy 0 /dt = −∂ψ/∂x, which indicates that ψ(z) gives rise to a Hamiltonian vector field for the particle evolution.
Complex potentials for a given multiply connected domain are obtained from those for a canonical multiply connected domain with the same multiplicity by constructing conformal mapping between these two domains, since the complex potentials are conformally invariant. Crowdy & Marshall [5] considered a domain in the unit circle that contains many circular boundaries, called a circular domain, for which the analytic formula of the complex potential for a point vortex has been provided. The complex potential for the uniform flow in exterior circular domains has also been constructed by Crowdy [6] . These complex potentials are described in terms of a transcendental function, called the Schottky-Klein prime function, that is defined associated with the radii and centres of the circular boundaries.
In view of the applications to the fluid problems stated above, we are interested in the potential flows generated by many point vortices in multiply connected exterior domains in the presence of uniform flow, which we refer to as vortex flows. In particular, in the present paper, we are concerned with the global topological structure of the streamline patterns generated by vortex flows and then we classify them in a unified manner. The importance of topological studies of irrotational flows has already been realized by Klein [7] . Furthermore, among all possible streamlines, we focus on structurally stable vortex flows. The structural stability here means that the qualitative behaviour of the streamlines is unchanged under small continuous perturbations, whose exact definition will be provided in the following section. The structurally stable flows are also physically significant since they are more likely to be observed in many real fluid flows. Topological classification of the streamline patterns has been investigated for vortex flows in an unbounded plane without boundaries [8] and on a sphere [9] , although uniform flow was not contained in these studies. The present paper is not only an extension of the preceding works to vortex flows in multiply connected domains, but it also has a theoretical significance because of the following three reasons. First, the uniform flow adds a new streamline structure to the flow, which has not been considered so far. Secondly, owing to the existence of boundaries in the domain, we need to consider a streamline attached to these boundaries that gives rise to another structurally stable streamline pattern. Finally, even though we restrict our attention to the structurally stable velocity field, we obtain many non-trivial streamline patterns, since it has been shown that homoclinic connections generated by the divergence-free vector fields on two-dimensional manifolds are structurally stable [10] . Consequently, the structurally stable streamline patterns generated by the vortex flows with uniform flow in multiply connected domains can have various topological patterns, whose classification provides us with a significant catalogue of flow patterns arising in biofluids and environmental flows. Construction of the streamline patterns proceeds as follows. Starting from some basic structurally stable flow patterns in a disc of low genus, we obtain the flow patterns in the multiply connected domain with higher genus by repeating fundamental operations that append a structurally stable streamline pattern by increasing one genus in the domain. Accordingly, one can assign a sequence of operations for a streamline pattern, which we call a word representation of the streamline pattern. Thanks to the word representation, we can make a catalogue of all possible structurally stable streamline patterns generated by the vortex flows in a combinatorial way.
This paper consists of five sections. In the next section, after reviewing some known results on complex potentials for a point vortex and uniform flow in multiply connected circular domains, we give two streamline patterns in the disc of genus 0 and 1 pattern in the annulus of genus 1. We show that they are only structurally stable streamline patterns to which the construction procedure is applied. In §3, we introduce five fundamental operations that add a structurally stable streamline pattern with one genus to the flow, with which we show how to construct streamline patterns in multiply connected domains with higher genus and how to assign their word representations. In §4, applying the construction procedure, we give all possible structurally stable streamline topologies and their word representation generated by the vortex flows in multiply connected domains of genus 1 and 2. The last section contains a summary and discussion.
Structurally stable vortex flows in multiply connected domains
Let us review some known results on complex potentials in multiply connected domains. Suppose that a circular domain, say D ζ (M), in the unit circle of the complex ζ -plane contains M circular boundaries. Then, one can introduce a transcendental function
in which Θ denotes an infinite set of Möbius maps defined from the radii and the centres of the circular boundaries. See Crowdy & Marshall [5, 11] and Baker [12] for detailed definitions and properties. Crowdy & Marshall [5] have provided analytic formulae of the complex potential W V (ζ ; α V ) for a point vortex located at α V ∈ D ζ (M) with strength κ, which is represented by
Since W 0 (ζ ; α V ) ∼ log(ζ − α V ) as ζ → α V , the complex potential generates infinite circular closed streamlines in the neighbourhood of the point vortex, as in figure 1a. Note that as long as we are concerned with the topological structures of the streamlines, an elliptic centre and a circular boundary cannot be distinguished from a point vortex, since the circular closed streamlines around them are topologically equivalent to those around a point vortex.
Let D z (M) denote an exterior multiply connected domain with M + 1 circular boundaries in the complex z-plane. Then, the complex potential for uniform flow in the domain is obtained 
. Thus, the conformal mapping has the following form:
with a real constant a. Crowdy [6] showed that the complex potential W U (g −1 (z); β U ) gave uniform flow with speed U and an inclined angle to the real axis φ of the complex z-plane, in which
Since we are just interested in the topological structure of the streamlines, we may assume that φ = 0 and β U = 0 without loss of generality. Thus, the complex potential W U (ζ ; 0) behaves asymptotically as
Since the leading singular term 1/ζ represents the complex potential for a sourcesink pair at the origin, the streamlines in the neighbourhood of the source-sink pair correspond to the contour lines of the stream function Im[1/ζ ] = −(1/r) sin θ in polar coordinates (r, θ) around the origin, which consist of infinite orbits departing from and returning to the source-sink pair as in figure 1b . Generally, the complex potential 1/ζ n (n ≥ 1) gives rise to the flow of the n-tuple source-sink pair located at the origin, whose stream function is given by Im[1/ζ n ] = −1/r n sin nθ in polar coordinates. Thus, we can generalize the definition of the complex potential for the n-tuple source-sink pair in the multiply connected circular domains D ζ (M) as follows. Strictly speaking, since the set of streamlines converging to the n-source-sink point has a nonempty interior point, it is unable to define a Hamiltonian vector field at this point, which requires us to loosen the definition of Hamiltonian vector fields. Thus, we say a vector field V is a Hamiltonian vector field with the n-source-sink point p, if V| D ζ (M)\{p} is a Hamiltonian vector field on D ζ (M) \ {p}. Hence, in order to discuss the stability of the streamline topologies of the Hamiltonian vector fields with the n-source-sink point on D ζ (M), we need to give the exact definition of their structural stability. Denote by χ r n the set of C r -Hamiltonian vector fields with an n-source-sink point on D ζ (M) with C r -topology (r ≥ 1). Then, we have the following definitions on the stability of the vector field in χ r n .
for any neighbourhood U of p and any Hamiltonian vector fieldṼ, which is C s -near of V in χ r n ,Ṽ is topologically equivalent to V. In other words, there is a homeomorphism h :
such that h maps each orbit of V| U to that ofṼ homeomorphically and it preserves the orientation of the orbits. Definition 2.3. V ∈ χ r n is (C 1 )-structurally stable, if any vector fieldṼ, which is C 1 -near of V in χ r n , is topologically equivalent to V.
Let us note that we use the standard definition of the structurally stability for the C rHamiltonian vector field, denoted by H r , without the n-source-sink point as will be stated in theorem 3.1. With these definitions, we prove the following proposition, which assures structural stability in the neighbourhood of the n-source-sink point locally in D ζ (M). It is easy to see that the flows around a point vortex, an elliptic centre and a circular boundary are locally structurally stable in H r and χ r n . There is another different structurally stable streamline pattern in the neighbourhood of the boundary, which consists of the streamlines connected to 2n saddle points at the boundary for n ≥ 1, as in figure 1c .
We consider the complex potential W(ζ ) in the circular domain D ζ (M) that consists of the 1-source-sink point at the origin and N point vortices as
in which α m denotes the location of the mth point vortex with strength κ m . One can add the complex potential generating the circulation around the boundary, whose analytic formula has also been provided by Crowdy [6] . However, it is unnecessary to consider the complex potential, since it just generates closed orbits around the boundary that are topologically equivalent to those generated by a point vortex, and thus it adds no new topological streamline structure to the flow. We are interested in the global topology of structurally stable streamline patterns of the flow generated by the complex potential (2.1). The genus M of the flow domain D ζ (M) is equivalent to the sum of the numbers of elliptic centres, point vortices and circular boundaries contained in the domain. However, for the sake of simplicity, we regard M as the number of circular boundaries when considering streamline patterns, since closed circular orbits around an elliptic centre or a point vortex are topologically indistinguishable from those around a circular boundary. Let us also note that it is sufficient to classify the streamline topologies in the bounded circular domain D ζ (M), since it can be mapped to an exterior domain D z (M) by conformal mapping, and the streamline patterns generated by W(ζ ) are kept unchanged topologically under the action of the conformal mapping.
For the sake of reference, we name all components of the structurally stable streamlines generated by the complex potential W(ζ ) in the multiply connected domain D ζ (M) (figure 2). Streamlines departing from and returning to the 1-source-sink point are called ss-orbits. When an orbit connects between the 1-source-sink point and a saddle point at the boundary, we refer to the orbit and the saddle point as an ss-∂-saddle connection and an ss-∂-saddle. A ∂-saddle is a saddle at the boundary that is not connected to the 1-source-sink point. If two ∂-saddles are connected by a streamline, we say the connecting orbit is a ∂-saddle connection. A streamline connecting a saddle point with the 1-source-sink point is called an ss-saddle connection. The other orbits consist of circular closed orbits, saddles and their homoclinic saddle connections.
Since we construct the structurally stable streamline patterns in D ζ (M) from those in D ζ (M − 1) inductively, as will be explained in §3, we need initial streamline patterns. There are two fundamental streamline patterns in D ζ (0), both of which contain the 1-source-sink point at the origin. The first pattern in figure 3a contains two ss-∂-saddles that are connected to the 1-source-sink point via ss-∂-saddle connections, whose streamline topology is denoted by I. In the second pattern, there contains no ss-∂-saddle connection, but one saddle point with a homoclinic saddle connection and two ss-saddle connections, as shown in figure 3b, which is symbolized by II. Recall that a closed disc has an Euler number of 1, the indices of an n-sourcesink point, a saddle and a ∂-saddle are 2n, −1 and − one saddle or two ∂-saddles to satisfy the Poincaré-Hopf theorem. In terms of the equality of the indices, the streamline patterns I and II correspond to 1 = 2 + (−1) and 1 = 2 + 2 · (− 1 2 ), respectively. The streamline patterns I and II are substantially different in a mathematical sense in that they cannot be transformed to each other continuously. In the circular domain D ζ (1), we have one initial structurally stable streamline pattern that cannot be constructed from the patterns I and II. The streamline pattern is denoted by O, which consists of regular closed orbits around the circular boundary, as in figure 3c. The streamline patterns I and II (respectively, O) are the initial structurally stable patterns in χ r n (respectively, H r ) to which we apply the procedure to construct streamline patterns in multiply connected domains with higher genus. In what follows, for the sake of simplicity to draw streamline patterns, we show no ss-orbits and closed orbits, but we pay attention to the global topological structure of ss-∂-saddle connections, ∂-saddle connections, homoclinic saddle connections and ss-saddle connections, since these orbits (1) . In terms of the word representation introduced later, the equivalence is denoted by IA 0 = IIA 2 .
are substantial to distinguish the streamline topologies. In addition, the 1-source-sink point is schematically symbolized by as in figure 3d,e.
Let us finally note a topological equivalence between two streamline patterns. Figure 4 shows two equivalent patterns in D ζ (1) . They consist of the 1-source-sink point with two ss-∂-saddle connections and one saddle point with a homoclinic saddle connection and two ss-saddle connections. They look different at a glance, but they have the same topological structure, if we identify the outer boundary of figure 4a with the inner boundary of figure 4b and vice versa. In other words, there is a homeomorphism of a closed annulus exchanging the boundaries, which maps (a) to (b). In the topological classification of streamline patterns, these two patterns are identified as one pattern. This fact plays an important role in assigning words for streamline patterns.
Word representation of streamline topologies
We introduce the following five operations to build up structurally stable streamline patterns in The operations A 0 and A 2 can be applied to ss-orbits, whereas B 0 and B 2 are applied to closed orbits. The operation C cannot be applied to boundaries without ∂-saddles. We shall prove later that these are the only operations by which we obtain the structurally stable streamline patterns from the initial patterns O, I and II. First, we construct structurally stable streamline patterns without the 1-source-sink point starting from the initial pattern O in figure 3f by applying the operations defined above repeatedly. Since the flow contains no 1-source-sink point, it is sufficient to recall the characterization of structural stability for Hamiltonian vector fields on a two-dimensional compact submanifold of a closed orientable connected surface [10] . In addition, it is well known that any divergence-free vector field is determined by the union of saddle connections and the ∂-saddle connections, called the saddle connection diagram, up to topological equivalence [10] . The operations A 0 and A 2 are unable to be applied to the pattern O, since it never contains the 1-source-sink point and thus no ss-orbits. Hence, we assign a sequence of the operations, say
. . , k, as a representing word of the streamline pattern. We now prove that B 0 , B 2 and C are the only operations in order to construct structurally stable streamline patterns from O. We notice that there must be B 2 before C appears in the sequence of operations, since the pattern O has no ∂-saddles, and thus C can only be applied to a boundary with ∂-saddles, which is created as a result of B 2 . Hence, we have the following lemma. The figure shows how to construct the streamline pattern II from OB 0 , (respectively, I from OB 2 ): collapsing the two centres in OB 0 (respectively, OB 2 ) to one point on the homoclinic connection (respectively, on the ∂-saddle connection), we obtain the streamline pattern II (respectively, I).
We call the sequence of operations an O-word for a given structurally stable Hamiltonian vector field. According to lemma 3.1, either B 0 or B 2 can follow the initial word O. Hence, the structurally stable streamline patterns in D ζ (2) are OB 0 and OB 2 , whose saddle connection diagrams are shown in figure 6a,c, respectively. Now, we consider the structurally stable streamline patterns with the 1-source-sink point constructed from the initial patterns I and II. We need to modify the structural stability of the Hamiltonian vector field due to the existence of the 1-source-sink point V in D ζ (M). In order to do this, let us first note how to characterize streamline patterns I and II generated by the 1-source-sink point. The saddle connection diagram for OB 0 shown in figure 6a is topologically equivalent to that shown in figure 6b for the same reason as we discussed in figure 4 . Then, replacing the two circular obstacles by two centre points and collapsing these centres to one point on the homoclinic orbit between them, we obtain the streamline pattern II. In a similar manner, there is a homeomorphism of OB 2 exchanging the boundaries, which maps (c) to (d). Thus, the streamline pattern I is obtained by collapsing two centres to one point on the ∂-saddle connection in the middle. Accordingly, the streamline patterns I and II are constructed from the singular pattern OB 2 and OB 0 by identifying two centres to one point, which is the location of the 1-source-sink point.
The structural stability for the Hamiltonian vector fields with the 1-source-sink point is characterized as follows. Proof. Obviously, the regularity is necessary. Therefore, we may assume that the restriction of V on the complement of the 1-source-sink point p is regular. Now suppose that there is a heteroclinic saddle connection between two distinct saddles p and q. If there is a ∂-saddle connection between two ∂-saddles p and q at different boundaries with the same energy level H(p) = H(q), then we can show the vector field V is not structurally stable as follows. Considering an annulus [0, 1) × S 1 in [0, ∞) × S 2 around the circular boundary with p, we can define the perturbed Hamiltonian vector fieldH obtained from H by perturbing it in the annulus by using the function b(r), for which the energy equality no longer holds.
Conversely, suppose that (1), (2) and (3) hold. By proposition 2.1, V is locally structurally stable at the 1-source-sink point. LetṼ be a small perturbed vector field of V. Then, we may assume that there is a small neighbourhood U of the 1-source-sink point on which V and its small perturbation are identical. Hence, it suffices to show that any small perturbationṼ of V| D ζ (M)\U which fixes ∂U is topological equivalence to V| D ζ (M)\U . Since the streamlines in the neighbourhood of the 1-source-sink point can be obtained from the streamlines around two centres by identifying the centres as we discussed in figure 6 , we can replace V| U with some vector field on U with two centres. Then, all ss-(∂-)saddle connections are replaced by (∂-)saddle connections. By theorem 3.1, the resulting vector fields of V are structurally stable. Hence,Ṽ is topological equivalent to
It follows from theorem 3.2 that any structurally stable Hamiltonian vector field with the 1-source-sink point is determined by the union of saddle connections, ∂-saddle connections, sssaddle connections and ss-∂-saddle connections up to topological equivalence, which is called the ss-saddle connection diagram. While all of the operations can be applied to the initial pattern I, operation A 2 is not allowed for the initial pattern II, which is proved as follows. Proof. Let us first replace the 1-source-sink point with two centres as in the proof of theorem 3.2. Then, the resulting vector field belongs to V ∈ H r , and thus it is represented by an O-word, say, OÕ 1 · · ·Õ k+1 withÕ i ∈ {B 0 , B 2 , C} for i ≥ 2. Now, we recover the 1-source-sink point by collapsing the two centres again. Then, the header of the O-word becomes OB 2 = I or OB 0 = II as we discussed in figure 6 , and the other wordsÕ i change to either A 0 , A 2 , B 0 , B 2 , or C for i ≥ 2. Moreover, if we operate A 2 to II at some step, then the 1-source-sink point has ∂-saddles and so V can be constructed from IA 0 as we already confirmed with the identity IA 0 = IIA 2 in figure 4 .
The proof of this lemma indicates that the difference in the patterns I and II originates from the fact that there are two topologically different O-words, which are OB 0 and OB 2 , in D ζ (1) . Hence, we can assign a sequence of the operations, IO 1 O 2 · · · O k with O i ∈ {A 0 , A 2 , B 0 , B 2 , C} and IIÕ 1Õ2 · · ·Õ k withÕ i ∈ {A 0 , B 0 , B 2 , C} for i ≤ k to represent the structurally stable streamline patterns starting from I and II, respectively. In the sequence of operations from I, A 0 or C should appear before B 0 and B 2 , since there is no closed orbit in the initial pattern I to which B 0 and B 2 are applied. This fact is stated as follows. Regrading a sequence of operations from II, B 2 should be followed by C, which is given as follows. We refer to the sequence of words for a given structurally stable vector field with the 1-sourcesink point from I and II as a I-word and a II-word, respectively. A word can be assigned for a structurally stable streamline pattern as a sequence of operations. However, we must note that there are many streamline patterns represented by one word. For example, in the initial pattern II, ss-orbits exist above and below the 1-source-sink point to both of which A 0 is applied, which gives rise to different streamline patterns represented by IIA 0 . On the other hand, we also note that there are several word representations for one structurally stable streamline pattern. Indeed, the words IA 0 A 2 and IA 2 A 0 represent the same streamline patterns. Based on these observations, it is useful to discuss the commutativity of the operations in the sequence. Obviously, the same operations commute. The commutativity of A 0 and C for I-words and II-words are shown as follows. The equivalence between the streamline patterns with respect to the exchange of operations in the sequence proved in the above lemmas are symbolically denoted by
Lemma 3.5. The streamline patterns with the word representations O
In order to discuss the commutativity for the other operations, we need to define an inclusion relation between two word representations. If the streamline patterns represented by a word
Then, we have the following inclusion relations. Note that we cannot determine the inclusion relation for exchange of B 2 and C in the sequence of word representations, which is symbolized by B 2 C||CB 2 . The commutativity of the five operations in word representations and their inclusion relations are summarized in table 1. Owing to the order relation ≤, we can show the existence of a maximal word for any structurally stable streamline patterns. 
Lemma 3.7. The inclusion relations B
0 A 0 ≤ A 0 B 0 , B 2 A 0 ≤ A 0 B 2 , CA 2 ≤ A 2 C, B 2 B 0 ≤ B 0 B 2 , B 0 C ≤ CB 0
Proof. Note that the relation ≤ implies the reflexive and transitive relation on the set of O-words (respectively, I-words, II-words). Since the number of O-words (respectively, I-words, II-words)
is finite, each word is less than or equal to some maximal word.
Let us note that this lemma concludes nothing about the uniqueness of the maximal word representation. As a matter of fact, the expression of the maximal word depends on how we exchange the words in the sequence following the rules in table 1. Hence, we need to specify how to exchange the words in order to obtain the unique expression of the maximal word representation. Thus, in the rest of this section, we derive canonical expressions for maximal O-words, I-words and II-words. Let us define a block component W(s, t, u) by W(s, t, u) = (B 0 ) s (B 2 ) t (C) u for non-negative integers s, t and u. Then, we have the following theorem.
Theorem 3.3. For any maximal O-word for a structurally stable streamline pattern in
where t m > 0 for any m < k with
Proof. Let us first note that it is not possible to exchange CB 0 and B 2 C in the sequence of any O-word to obtain the maximal O-word owing to B 2 C||CB 2 and B 0 C ≤ CB 0 . We show that every O-word assigned to the structurally stable streamline pattern in D ζ (M) can be reduced to the maximal O-word inductively as follows.
Starting the initial word O, we look for the location where W(s 1 , t 1 , u 1 ) for some t 1 > 0. This is because if W(s m , t m , u m ) . If u m+1 = 0, then the O-word can be reduced to
for some s m+1 , t m+1 ≥ 0 by exchanging B 0 and B 2 , which concludes the proof. Otherwise the sequence of B 0 and B 2 between W(s m , t m , u m ) and (C) u m+1 is reduced to the block component W(s m+1 , t m+1 , u m+1 ) for some s m+1 ≥ 0 and t m+1 > 0. The positivity of t m+1 is assured as follows. If t m+1 = 0, we have
, the sequence is reduced to
for which we can repeat the process again. 
Proof. For a given I-word representing a structurally stable streamline pattern in D ζ (M), we can move all A 0 and A 2 in the sequence of operations before B 0 , B 2 and C by exchanging the order of the operations owing to
Suppose first that p = 0. If O q+1 = C, namely r = 0, then there are no B 0 and B 2 in the following sequence, since they cannot be applied without A 0 or C in the sequence of I-words due to lemma 3. 
where t m > 0 for any m < k. This is the maximal expression for the I-word for p = 0 and r > 0. Next, we assume p = 0. Then, B 0 and B 2 can exist in the remaining part of the sequence I(A 0 ) p (A 2 ) q · · · to which we can apply the same procedure for the remaining sequence of B 0 , B 2 and C as used for O-words. Hence, we have the maximal expression (3.2). (2) . Owing to k = 1 for M = 1, we have three combinations of the indices (p, s 1 , t 1 ) = (1, 0, 0), (0, 1, 0) and (0, 0, 1), whose corresponding maximal II-words are IIA 0 , IIB 0 and IIB 2 , whose corresponding ss-saddle connection diagrams are shown in figure 10a-d, respectively. There are two patterns for IIA 0 , since the initial pattern II has two disjoint regions containing ss-orbits to which A 0 is applied. Now suppose that M = 2. All streamline patterns represented by the maximal II-words are drawn in figures 11 and 12. Since ss-orbits exist in the two disjoint regions in pattern II, we obtain three streamline patterns when we apply the operations A 0 A 0 in the different regions ( figure 11a ) and in the same region ( figure 11b,c) . On the other hand, as shown in figure 10a ,b, IIA 0 represents the two streamline patterns that have two disjoint regions containing closed orbits to which we can apply B 0 and B 2 . Hence, we have four streamline patterns for IIA 0 B 0 shown in figure 11d-g and IIA 0 B 2 shown in figure 11h-k. Since IIB 0 has three disjoint regions with closed orbits to which we can apply B 0 and B 2 , we have three streamline patterns for IIB 0 B 0 and IIB 0 B 2 . However, for IIB 0 B 0 , two have the same topology, IIB 0 B 0 represents two streamline patterns. Thus all ss-saddle connection diagrams for IIB 0 B 0 and IIB 0 B 2 are shown in figure 12a,b and figure 12c -e, respectively. The maximal II-word IIB 2 B 2 represents one streamline pattern in figure 12f . When the number of block components is k = 2, we have only one maximal II-word IIB 2 C for t 1 = u 1 = 1, whose representing streamline pattern is given in figure 12g . For k = 1, table 3 is a list of combinations of indices (p, s 1 , t 1 ) and their word representations.
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Summary and discussion
This paper has shown how to assign a sequence of words, called the maximal word, to every structurally stable streamline pattern generated by potential flows consisting of uniform flow and point vortices in two-dimensional multiply connected domains. Owing to the maximal word representation, we not only classify structurally stable streamline topologies, but we also make a complete catalogue of all possible streamline patterns in a combinatorial manner. Let us note that the canonical expressions of the maximal words (3.1)-(3.3) represent a family of streamline
